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a b s t r a c t
The main purpose of this paper is to generalize the concept of (L,M)-fuzzy σ -algebras
defined by Shi [F.G. Shi, (L,M)-fuzzy σ -algebras, International Journal of Mathematics and
Mathematical Sciences. doi:10.1155/2010/356581] from L-fuzzy sets to intuitionistic fuzzy
sets; the notions ofL-intuitionistic fuzzyσ -algebras andL-intuitionistic fuzzymeasurable
functions are introduced; the relationships amongL-intuitionistic fuzzy σ -algebras, (I, I)-
fuzzy σ -algebras and I-fuzzifying σ -algebras are studied. Then we give the definition of
the product of L-intuitionistic fuzzy σ -algebras; some of their elementary properties are
discussed. By use of the concept of I-fuzzifying σ -algebras, the notion of generated L-
intuitionistic fuzzy σ -algebras is proposed. Finally, the properties of the generated functor
Iζ from the category of I-fuzzifying σ -algebras and I-fuzzifying measurable functions to
the category of L-intuitionistic fuzzy σ -algebras and L-intuitionistic fuzzy measurable
functions are proved.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Klement [1] first established the axiomatic theory of fuzzy σ -algebras in 1980; this is a preparation for developing a
measure theory of fuzzy sets. From then on, the theory of fuzzy σ -algebras and fuzzy measure based on fuzzy sets has
achieved many interesting results (may refer to [2–5]). In 1991, Biacino and A. Lettieri [6] generalized Klement’s fuzzy
σ -algebras to L-fuzzy setting, and gave the notion of L-σ -algebras and L-measures. Influenced by Ying’s idea [7], Luo and
Shen [8] introduced the concepts of fuzzifying σ -algebras and fuzzifying measure by adopting the semantic method of
continuous-valued logic. In 2010, Shi [9] proposed the notion of fuzzy σ -algebras with the idea of giving degrees in [0, 1] to
fuzzy sets rather than 0 or 1. In fact, Shi [9] defined an (L,M)-fuzzy σ -algebra on a nonempty set X by means of a mapping
σ : LX → M satisfying three axioms, where L andM are complete lattices, and many properties of (L,M)-fuzzy σ -algebras
are studied. It is easy to find that Shi’s definition is a generalization of Klement’s fuzzy σ -algebras.
On the other hand, the idea of intuitionistic fuzzy sets was first proposed by Atanassov [10]. This is a generalization
notion of fuzzy sets. From then on, this idea has been studied and applied in a variety of areas. For example, Çoker [11]
introduced the concept of intuitionistic fuzzy topological spaces. Park [12] defined the notion of intuitionistic fuzzy
metric spaces. Yan and Wang [13] gave the concept of intuitionistic I-fuzzy quasi-coincident neighborhood systems of
intuitionistic fuzzy points [14]. The relation between the category of intuitionistic I-fuzzy topological spaces and the
category of intuitionistic I-fuzzy quasi-coincident neighborhood spaces was studied in [13]. Here we must mention the
work from Ban and Gal [15]. In [15], the authors introduced the definition of intuitionistic fuzzy σ -algebras and constructed
a decomposable measure on the class of measurable intuitionistic fuzzy sets. Based on the notion of intuitionistic fuzzy
σ -algebras defined by Ban et al. [16] put forward the systemic theory of intuitionistic fuzzy measures. In addition, Wu and
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Zhou [17] discussed the relationships between intuitionistic fuzzy rough approximations and intuitionistic fuzzymeasurable
spaces. The main purpose of this paper is to generalize the concept of (L,M)-fuzzy σ -algebras [9] for intuitionistic fuzzy
sets. First we introduce the concepts of L-intuitionistic fuzzy σ -algebras and L-intuitionistic fuzzy measurable functions,
and the relationships amongL-intuitionistic fuzzy σ -algebras, (I, I)-fuzzy σ -algebras, I-fuzzifying σ -algebras are studied.
Then we give the definition of the product of L-intuitionistic fuzzy σ -algebras, and we prove some of their elementary
properties.With the help of the concept of I-fuzzifying σ -algebras, the notion of generatedL-intuitionistic fuzzy σ -algebras
is proposed. A generated functor Iζ from the category of I-fuzzifying σ -algebras and I-fuzzifying measurable functions to
the category of L-intuitionistic fuzzy σ -algebras and L-intuitionistic fuzzy measurable functions is obtained. Finally, we
prove some properties of the generated functor Iζ . Comparing our work with the results obtained by Shi [9], the emphases
of Shi [9] are to put forward the definition of (L,M)-fuzzy σ -algebras and discuss the properties of the cut sets of (L,M)-
fuzzy σ -algebras.We not only introduce the notion ofL-intuitionistic fuzzy σ -algebras and obtain the relationship between
L-intuitionistic fuzzy σ -algebras and (I, I)-fuzzy σ -algebras defined by Shi [9], but also discuss the properties of generated
functor Iζ and give the definition of the product ofL-intuitionistic fuzzy σ -algebras; this can be regarded as a preparation
for establishing the theory ofL-intuitionistic fuzzy product measures.
Throughout this paper, I = [0, 1]. L,M are complete lattices, and L has an order-reversing involution. X is a nonempty
set. The set of all fuzzy sets, L-fuzzy sets and intuitionistic fuzzy sets on X are denoted by IX , LX and ζ X , respectively. We
often do not distinguish a crisp subset A of X and its character function χA. The smallest element and the largest element
inM are denoted by⊥M and⊤M respectively. For all λ ∈ I, λ denotes the fuzzy set on X which takes the constant value λ.
For each A ∈ LX , the notation A′ ∈ LX is defined by A′(x) = (A(x))′, ∀ x ∈ X , specially, if A ∈ IX , the symbol 1 − A denotes
the fuzzy set whose value is 1− A(x) for all x ∈ X . For each A ⊆ X, Ac denotes the complement of A with respect to X , and
1A denotes the function X → I, 1A(x) = 1 for all x ∈ A; otherwise its value is 0. For all A ∈ ζ X , let A = ⟨µA, γA⟩. (For a
background on intuitionistic fuzzy sets, we refer to [18].)
2. Basic definitions and lemmas
Definition 2.1 ([9]). Let X be a nonempty set. A mapping σ : LX → M is called an (L,M)-fuzzy σ -algebra if it satisfies the
following three conditions:
(LMS1) σ(χ∅) = ⊤M ;
(LMS2) ∀A ∈ LX , σ (A) = σ(A′);
(LMS3) ∀An ∈ LX , n ∈ N, σ (n∈N An) ≥n∈N σ(An).
Then (X, σ ) is called an (L,M)-fuzzy measurable space.
An (L,M)-fuzzy σ -algebra σ is said to be stratified if and only if it satisfies the following condition:
(LMS1)∗ ∀a ∈ L, σ (a) = ⊤M .
IfM = {⊥M , ⊤M}, the (L,M)-fuzzy σ -algebra is also called an L−σ -algebra or (L, 2)-fuzzy σ -algebra. And (L,M)-fuzzy
measurable space is also called an L-measurable space or (L, 2)-fuzzy measurable space.
If L = {⊥L, ⊤L}, the (L,M)-fuzzy σ -algebra is also called anM-fuzzifying σ -algebra or (2,M)-fuzzy σ -algebra. And the
(L,M)-fuzzy measurable space is also called anM-fuzzifying measurable space or (2,M)-fuzzy measurable space.
Remark 2.2. An (I, I)-fuzzy σ -algebra is regarded as a mapping σ : IX → I satisfies the following conditions:
(IIS1) σ(0) = σ(1) = 1;
(IIS2) ∀A ∈ IX , σ (A) = σ(1− A);
(IIS3) ∀An ∈ IX , n ∈ N, σ (n∈N An) ≥n∈N σ(An).
Then (X, σ ) is called an (I, I)-fuzzy measurable space.
An (I, I)-fuzzy σ -algebra σ is said to be stratified if and only if it satisfies the following condition:
(IIS1)∗ ∀a ∈ I, σ (a) = 1.
Moreover, an I-fuzzifying σ -algebra is regarded as a mapping σ : 2X → I satisfies the following conditions:
(IS1) σ(∅) = σ(X) = 1;
(IS2) ∀A ∈ 2X , σ (A) = σ(Ac);
(IS3) ∀An ∈ 2X , n ∈ N, σ (n∈N An) ≥n∈N σ(An).
Lemma 2.3 ([9]). Let (Y , τ ) be an (L,M)-fuzzy measurable space and f : X → Y be a mapping. Define a mapping f←L (τ ) :
LX → M by for all A ∈ LX ,
f←L (τ )(A) =

{τ(B) : f←L (B) = A},
where ∀x ∈ X, f←L (B)(x) = B(f (x)) (this notation is from [19]). Then (X, f←L (τ )) is an (L,M)-fuzzy measurable space.
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Definition 2.4 ([9]). Let (X, σ ), (Y , τ ) be (I, I)-fuzzy measurable spaces; a mapping f : X → Y is called (I, I)-fuzzy
measurable if σ(f←(B)) ≥ τ(B) for all B ∈ IY .
Definition 2.5. Let (X, σ ), (Y , τ ) be (I, I)-fuzzy measurable spaces; a mapping f : X → Y is called weak (I, I)-fuzzy
measurable if ∀B ∈ IY , τ (B) > 0 implies the inequality σ(f←(B)) > 0.
Definition 2.6 ([10,18]). Let a, b be two real numbers in [0, 1] satisfying the inequality a + b ≤ 1. Then the pair ⟨a, b⟩ is
called an intuitionistic fuzzy pair. The set of all intuitionistic fuzzy pairs is denoted by L [16], i.e. L = {⟨a, b⟩ : a, b ∈
[0, 1], a+ b ≤ 1}.
Let ⟨a1, b1⟩, ⟨a2, b2⟩ be two intuitionistic fuzzy pairs; then we define
(1) ⟨a1, b1⟩≤L⟨a2, b2⟩ if and only if a1 ≤ a2 and b1 ≥ b2;
(2) ⟨a1, b1⟩ = ⟨a2, b2⟩ if and only if a1 = a2 and b1 = b2;
(3) if ⟨aj, bj⟩j∈J is a family of intuitionistic fuzzy pairs, then j∈J⟨aj, bj⟩ = ⟨j∈J aj,j∈J bj⟩, and j∈J⟨aj, bj⟩ =
⟨j∈J aj,j∈J bj⟩;
(4) the complement of an intuitionistic fuzzy pair ⟨a, b⟩ is the intuitionistic fuzzy pair defined by ⟨a, b⟩ = ⟨b, a⟩.
In the following, for convenience, we will use the symbols 1∼ and 0∼ to denote the intuitionistic fuzzy pairs ⟨1, 0⟩ and
⟨0, 1⟩. It is easy to find that (L,≤L) is a complete lattice, and 1∼ and 0∼ are its top element and bottomelement, respectively.
Lemma 2.7 ([11,20]). Let A, B be intuitionistic fuzzy sets on X. Then
(1) A

B = A B;
(2) A

B = A B;
(3) A ⊆ B ⇒ B ⊆ A;
(4) (A) = A;
(5) 1∼ = 0∼;
(6) 0∼ = 1∼.
Definition 2.8 ([11]). Let X, Y be two nonempty sets and f : X → Y be a function. If B = {⟨y, µB(y), γB(y)⟩ : y ∈ Y } ∈ ζ Y ,
then the preimage of B under f , denoted by f←(B), is the intuitionistic fuzzy set defined by
f←(B) = {⟨x, f←(µB)(x), f←(γB)(x)⟩ : x ∈ X},
where f←(µB)(x) = µB(f (x)), f←(γB)(x) = γB(f (x)).
If A = {⟨x, µA(x), γA(x)⟩ : x ∈ X} ∈ ζ X , then the image of A under f , denoted by f→(A) is the intuitionistic fuzzy set
defined by
f→(A) = {⟨y, f→(µA)(y), (1− f→(1− γA))(y)⟩ : y ∈ Y },
where
f→(µA)(x) =

sup
x∈f←(y)
µA(x), if f←(y) ≠ ∅,
0, if f←(y) = ∅.
(1− f→(1− γA))(y) =

inf
x∈f←(y)
γA(x), if f←(y) ≠ ∅,
1, if f←(y) = ∅.
Lemma 2.9 ([11]). Let A, Ai(i ∈ J) be intuitionistic fuzzy sets on X, B, Bj(j ∈ K) be intuitionistic fuzzy sets on Y , f : X → Y be
a function. Then
(1) A1 ⊆ A2 ⇒ f→(A1) ⊆ f→(A2);
(2) B1 ⊆ B2 ⇒ f←(B1) ⊆ f←(B2);
(3) A ⊆ f←(f→(A)). If f is injective, then A = f←(f→(A));
(4) f→(f←(B)) ⊆ B. If f is surjective, then f→(f←(B)) = B;
(5) f←(

Bj) = f←(Bj);
(6) f←(

Bj) = f←(Bj);
(7) f→(

Ai) = f→(Ai);
(8) f→(

Ai) ⊆ f→(Ai). If f is injective, then f→( Ai) = f→(Ai);
(9) f←(1∼) = 1∼;
(10) f←(0∼) = 0∼;
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(11) if f is surjective, then f→(1∼) = 1∼;
(12) f→(0∼) = 0∼;
(13) if f is surjective, then f→(A) ⊆ f→(A);
(14) f←(B) = f←(B).
Definition 2.10 ([21]).A triangular norm (briefly t-norm) is a binary operation T on [0, 1]which is commutative, associative,
monotone and has 1 as neutral element, i.e., it is a function T : [0, 1] × [0, 1] → [0, 1] such that for all x, y, z ∈ [0, 1], the
following four axioms are satisfied:
(T1) T (x, y) = T (y, x);
(T2) T (x, T (y, z)) = T (T (x, y), z);
(T3) T (x, z) ≤ T (y, z)whenever x ≤ y;
(T4) T (x, 1) = x.
The four basic t-norms are listed as follows:
TM(x, y) = min(x, y); TP(x, y) = xy; TL(x, y) = max(x+ y− 1, 0);
TW (x, y) ==

min(x, y), max(x, y) = 1;
0, otherwise.
Definition 2.11 ([21]). A triangular conorm (briefly t-conorm) is a binary operation S on [0, 1] which is commutative,
associative, monotone and has 0 as neutral element, i.e., it is a function T : [0, 1] × [0, 1] → [0, 1] such that for all
x, y, z ∈ [0, 1], the following four axioms are satisfied:
(S1) S(x, y) = S(y, x);
(S2) S(x, S(y, z)) = S(S(x, y), z);
(S3) S(x, z) ≤ S(y, z)whenever x ≤ y;
(S4) S(x, 0) = x.
The four basic t-conorms are listed as follows:
SM(x, y) = max(x, y); SP(x, y) = x+ y− xy; SL(x, y) = min(x+ y, 1);
SW (x, y) ==

max(x, y), min(x, y) = 0;
1, otherwise.
Definition 2.12 ([16]).
(i) An intuitionistic fuzzy t-norm is a binary operation T onLwhich is commutative, associative, monotone and has 1∼ as
the neutral element, i.e., it is a mapping T : L×L→ L such that for all x, y, z ∈ L:
(IFT1) T (x, y) = T (y, x);
(IFT2) T (x, T (y, z)) = T (T (x, y), z);
(IFT3) T (x, z) ≤ T (y, z)whenever x≤L y;
(IFT4) T (x, 1∼) = x.
(ii) An intuitionistic fuzzy t-conorm is a binary operation S onLwhich is commutative, associative, monotone and has 0∼
as the neutral element, i.e., it is a mapping S : L×L→ L such that for all x, y, z ∈ L:
(IFS1) S(x, y) = S(y, x);
(IFS2) S(x, S(y, z)) = S(S(x, y), z);
(IFS3) S(x, z) ≤ S(y, z)whenever x≤L y;
(IFS4) S(x, 0∼) = x.
Theorem 2.13 ([22]). Given a t-norm T and a t-conorm S satisfying
T (a, b) ≤ 1− S(1− a, 1− b)
for all a, b ∈ [0, 1], the mapping T and S defined by
T (x, y) = ⟨T (x1, y1), S(x2, y2)⟩
S(x, y) = ⟨S(x1, y1), T (x2, y2)⟩
for x = ⟨x1, x2⟩ and y = ⟨y1, y2⟩ inL, are an intuitionistic fuzzy t-norm and an intuitionistic fuzzy t-conorm. They are denoted
by T = (T , S) and S = (S, T ) respectively.
By Theorem 2.13, the most important intuitionistic fuzzy t-norms may be listed as follows:
TM = (TM , SM), TL = (TL, SL), TP = (TP , SP), TW = (TW , SW ).
And the most important intuitionistic fuzzy t-conorms may be listed as follows:
SM = (SM , TM), SL = (SL, TL), SP = (SP , TP), SW = (SW , TW ).
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Definition 2.14 ([16]). Suppose that T is an intuitionistic fuzzy t-norm, and S an intuitionistic fuzzy t-conorm on L. For
each n ∈ N, x1, x2, . . . , xn ∈ L, the values T ni=1 xi and Sni=1 xi are defined by
n
T
i=1
xi = T

n−1
T
i=1
xi, xn

,
n
S
i=1
xi = S

n−1
S
i=1
xi, xn

.
In addition, the countable operations Tn∈Nxn and Sn∈Nxn are defined by
T
n∈N
xn = lim
n→∞L
n
T
i=1
xi, S
n∈N
xn = lim
n→∞L
n
S
i=1
xi
where (yn)n∈N ⊂ L, yn = ⟨an, bn⟩ is convergent if and only if the sequences (an)n∈N and (bn)n∈N are convergent and
limn→∞Lyn = ⟨limn→∞ an, limn→∞ bn⟩.
Definition 2.15 ([16]). If T is an intuitionistic fuzzy t-norm, then T ∗ defined by
T ∗(x, y) = T (x, y), ∀x, y ∈ L
is called the dual of T . If S is an intuitionistic fuzzy t-conorm, then S∗ defined by
S∗(x, y) = S(x, y), ∀x, y ∈ L
is called the dual of S.
Definition 2.16 ([22]).
(i) An intuitionistic fuzzy t-norm T is called representable if there exists a t-norm T and a t-conorm S such that
T (⟨x1, x2⟩, ⟨y1, y2⟩) = ⟨T (x1, y1), S(x2, y2)⟩
for all ⟨x1, x2⟩, ⟨y1, y2⟩ ∈ L.
(ii) An intuitionistic fuzzy t-conorm S is called representable if there exists a t-conorm S and a t-norm T such that
S(⟨x1, x2⟩, ⟨y1, y2⟩) = ⟨S(x1, y1), T (x2, y2)⟩
for all ⟨x1, x2⟩, ⟨y1, y2⟩ ∈ L.
Definition 2.17 ([16]). LetT be an intuitionistic fuzzy t-norm, {An}n∈N ⊆ ζ X . Then an operation Tn∈NAn is defined as follows:
T
n∈N
An = {⟨x, µ T
n∈N
An(x), γ T
n∈N
An(x)⟩ : x ∈ X},
where ⟨µTn∈NAn(x), γ Tn∈NAn(x)⟩ ≥ Tn∈N⟨µAn(x), γAn(x)⟩.
If S is an intuitionistic fuzzy t-conorm, {An}n∈N ⊆ ζ X , then the operation Tn∈NAn defined by
S
n∈N
An = {⟨x, µ S
n∈N
An(x), γ S
n∈N
An(x)⟩ : x ∈ X},
where ⟨µSn∈NAn(x), γSn∈NAn(x)⟩ = Sn∈N⟨µAn(x), γAn(x)⟩.
3. L-intuitionistic fuzzy σ-algebras
Definition 3.1. Let X be a nonempty set, T and S be an intuitionistic fuzzy t-norm and an intuitionistic fuzzy t-conorm
respectively. A mapping σ : ζ X → L is called an L-intuitionistic fuzzy σ -algebra with respect to (T , S) if it satisfies the
following three conditions:
(1) σ(⟨1, 0⟩) = 1∼;
(2) ∀A ∈ ζ X , σ (A) = σ(A);
(3) ∀An ∈ ζ X , n ∈ N, σ (Sn∈NAn) ≥ Tn∈Nσ(An).
Then (ζ X , σ ) is called anL-intuitionistic fuzzy measurable space with respect to (T , S).
AnL-intuitionistic fuzzy σ -algebra σ is said to be stratified if and only if it satisfies the following condition:
(1)∗ ∀⟨a, b⟩ ∈ L, σ (⟨a, b⟩) = 1∼.
Remark 3.2. If intuitionistic fuzzy t-norm T = (TM , SM), and intuitionistic fuzzy t-conorm S = (SM , TM), then σ is called
anL-intuitionistic fuzzy σ -algebra, and (ζ X , σ ) is called anL-intuitionistic fuzzy measurable space.
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Remark 3.3. (1) Suppose thatM ⊆ ζ X is an intuitionistic fuzzy σ -algebra [15], the mapping χM : ζ X → L is defined as
follows
χM (A) =
⟨1, 0⟩, A ∈ M ;
⟨0, 1⟩, A ∉ M .
It is easy to check that χM is anL-intuitionistic fuzzy σ -algebra, i.e., each intuitionistic fuzzy σ -algebra [15] can be
regarded as a specialL-intuitionistic fuzzy σ -algebra.
(2) Let σ be an L-intuitionistic fuzzy σ -algebra on X and for all A ∈ ζ X , σ (A) = ⟨µσ (A), γσ (A)⟩, it is easy to find that
the mapping µσ : ζ X → I is an I-intuitionistic fuzzy σ -algebra. In addition, the mapping γ ′σ : ζ X → I is also an
I-intuitionistic fuzzy σ -algebra, where γ ′σ (A) = 1− γσ (A), ∀A ∈ ζ X . Moreover, we also call µσ (A) the degree to which
A is I-measurable, and γσ (A) is the degree to which A is not I-measurable in the future.
Example 3.4. (1) Let X be a nonempty set and the mapping σ : ζ X → L be defined by
σ(A) =
⟨1, 0⟩, A ∈ {χ∅, χX };
⟨0.5, 0⟩, A ∉ {χ∅, χX }.
Then it is easy to prove that (ζ X , σ ) is anL-intuitionistic fuzzy measurable space. If A ∈ ζ X with A ∉ {χ∅, χX }, then 0.5
is the degree to which A is I-measurable and 0 is the degree to which A is not I-measurable.
(2) Let X be a nonempty set and the mapping σ : ζ X → L be defined by
σ(A) =
⟨1, 0⟩, A ∈ {χ∅, χX };
⟨0.5, 0.5⟩, A ∉ {χ∅, χX }.
Then it is easy to prove that (ζ X , σ ) is anL-intuitionistic fuzzy measurable space, too.
Theorem 3.5. Let (ζ X , σ ) be anL-intuitionistic fuzzy measurable space with respect to (T , S), T an intuitionistic fuzzy t-norm
and S its dual. Then for all An ∈ ζ X , n ∈ N, the inequality σ(Tn∈NAn) ≥ Tn∈Nσ(An) holds.
Proof. This can be proved from the fact:
σ

T
n∈N
An

= σ

T
n∈N
An

= σ

S
n∈N
An

≥ T
n∈N
σ(An) = T
n∈N
σ(An). 
Theorem 3.6. Let {σj : j ∈ J} be a family of L-intuitionistic fuzzy σ -algebras on X. Thenj∈J σj is an L-intuitionistic fuzzy
σ -algebra on X, where

j∈J σj : ζ X → L is defined by (

j∈J σj)(A) =

j∈J σj(A) for all A ∈ ζ X .
Proof. This is straightforward. 
Theorem 3.7. Let (ζ Y , σ ) be an L-intuitionistic fuzzy measurable space with respect to (T , S), and f : X → Y . The mapping
f←(σ ) : ζ X → L is defined by ∀A ∈ ζ X ,
f←(σ )(A) =

{σ(B) : f←(B) = A},
where f←(B)(x) = B(f (x)),∀x ∈ X. Then f←(σ ) is anL-intuitionistic fuzzy σ -algebra with respect to (T , S) on X.
Proof. (1) Since
f←(σ )(⟨1, 0⟩) =

{σ(B) : f←(B) = ⟨1, 0⟩}
≥ σ(⟨1, 0⟩) = 1∼,
so we have f←(σ )(⟨1, 0⟩) = 1∼.
(2) For all A ∈ ζ X ,
f←(σ )(A) =

{σ(B) : f←(B) = A}
=

{σ(B) : f←(B) = f←(B) = A}
= f←(σ )(A).
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(3) For all An ∈ ζ X , n ∈ N,
f←(σ )( S
n∈N
An) =

{σ(B) : f←(B) = S
n∈N
An}
≥

{σ( S
n∈N
Bn) : f←(Bn) = An}
=

{ T
n∈N
σ(Bn) : f←(Bn) = An}
≥ T
n∈N

{σ(Bn) : f←(Bn) = An}
= T
n∈N
f←(σ )(An).
So f←(τ ) is anL-intuitionistic fuzzy σ -algebra with respect to (T , S). 
Corollary 3.8. Let (ζ X , σ ) be an L-intuitionistic fuzzy measurable space, Y a nonempty subset of X, define σ |Y as follows:
∀A ∈ ζ Y ,
σ |Y (A) =

{σ(B) : B ∈ ζ X , B|Y = A}.
Then σ |Y is anL-intuitionistic fuzzy σ -algebra on Y .
Theorem 3.9. Suppose that (ζ X , σ ) is an L-intuitionistic fuzzy measurable space with respect to (T , S), f : X → Y is a
mapping. Then σ/f = σ ◦ f← is anL-intuitionistic fuzzy σ -algebra with respect to (T , S) on Y .
Proof. (1)
(σ/f )(⟨1, 0⟩) = σ(f←(⟨1, 0⟩)) = σ(⟨1, 0⟩) = 1∼.
(2) For all A ∈ ζ Y ,
(σ/f )(A) = σ(f←(A)) = σ(f←(A)) = σ(f←(A)) = (σ/f )(A).
(3) For all An ∈ ζ Y , n ∈ N,
(σ/f )( S
n∈N
An) = σ(f←( S
n∈N
An)) = σ( S
n∈N
f←(An))
≥ T
n∈N
σ(f←(An)) = T
n∈N
(σ/f )(An).
So σ/f = σ ◦ f← is anL-intuitionistic fuzzy σ -algebra with respect to (T , S) on Y . 
Theorem 3.10. Suppose that (ζ X , σ ) is anL-intuitionistic fuzzy measurable space, for each A ∈ IX , let σ(A) = µσ (⟨A, 1− A⟩).
Thenσ is an (I, I)-fuzzy σ -algebra on X.
Proof. (IIS1)σ(0) = µσ (⟨0, 1⟩) = 1, σ(1) = µσ (⟨1, 0⟩) = 1;
(IIS2) ∀A ∈ IX , σ(A) = µσ (⟨A, 1− A⟩) = µσ (⟨1− A, A⟩) = σ(1− A);
(IIS3) ∀An ∈ IX , n ∈ N,
σ 
n∈N
An

= µσ

n∈N
An, 1−

n∈N
An

= µσ

n∈N
An,

n∈N
(1− An)

= µσ

n∈N
⟨An, 1− An⟩

≥

n∈N
µσ (⟨An, 1− An⟩) =

n∈N
σ(An).
Soσ is an (I, I)-fuzzy σ -algebra on X . 
Theorem 3.11. Suppose (ζ X , σ ) is an L-intuitionistic fuzzy measurable space, for each A ⊆ X, let [σ ](A) = µσ (⟨1A, 1Ac ⟩).
Then [σ ] is an I-fuzzifying σ -algebra on X.
Proof. (IS1) [σ ](∅) = µσ (⟨0X , 1X ⟩) = 1, σ(X) = µσ (⟨1X , 0X ⟩) = 1;
(IS2) ∀A ⊆ X, [σ ](A) = µσ (⟨1A, 1Ac ⟩) = µσ (⟨1Ac , 1A⟩) = [σ ](Ac);
(IS3) ∀An ⊆ X, n ∈ N,
[σ ]

n∈N
An

= µσ

1 
n∈N
An , 1

n∈N
Anc

= µσ

n∈N
⟨1An , 1Anc ⟩

≥

n∈N
µσ (⟨1An , 1Anc ⟩) =

n∈N
[σ ](An).
So [σ ] is an I-fuzzifying σ -algebra on X . 
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4. L-intuitionistic fuzzy measurable functions
Definition 4.1. Let (ζ X , σ ) and (ζ Y , τ ) be L-intuitionistic fuzzy measurable spaces. A mapping f : X → Y is called
L-intuitionistic fuzzy measurable if ∀B ∈ ζ Y , σ (f←(B)) ≥ τ(B).
Theorem 4.2. Let (ζ X , σ ) and (ζ Y , τ ) be L-intuitionistic fuzzy measurable spaces. A mapping f : X → Y is L-intuitionistic
fuzzy measurable iff ∀A ∈ ζ X , f←(τ )(A) ≤ σ(A).
Proof. Necessity. If f : X → Y isL-intuitionistic fuzzy measurable, then ∀B ∈ ζ Y , σ (f←(B)) ≥ τ(B). Hence ∀A ∈ ζ X ,
f←(τ )(A) =

{τ(B) : f←(B) = A}
≤

{σ(f←(B)) : f←(B) = A}
= σ(A).
Sufficiency. If ∀A ∈ ζ X , f←(τ )(A) ≤ σ(A), then ∀B ∈ ζ Y ,
τ(B) ≤ f←(τ )(f←(B)) ≤ σ(f←(B)),
this shows that f : X → Y isL-intuitionistic fuzzy measurable. 
Theorem 4.3. If f : (ζ X , σ ) → (ζ Y , τ ) and g : (ζ Y , τ ) → (ζ Z , ρ) are L-intuitionistic fuzzy measurable. Then g ◦ f :
(ζ X , σ )→ (ζ Z , ρ) isL-intuitionistic fuzzy measurable.
Proof. This is straightforward. 
Theorem 4.4. If f : (ζ X , σ ) → (ζ Y , τ ) is L-intuitionistic fuzzy measurable, Z ⊆ X. Then f |Z : (ζ Z , σ |Z) → (ζ Y , τ ) is also
L-intuitionistic fuzzy measurable, where
(f |Z )(x) = f (x), ∀x ∈ Z,
(σ |Z )(A) =

{σ(U) : U ∈ ζ X ,U|Z = A}, ∀A ∈ ζ Z .
Proof. Notice ∀W ∈ ζ Z , (f |Z )←(W ) = f←(W )|Z ; then we have
(σ |Z)((f |Z )←(W )) =

{σ(U) : U ∈ ζ X ,U|Z = (f |Z )←(W )} ≥ σ(f←(W )) ≥ τ(W ).
Thus f |Z : (ζ Z , σ |Z )→ (ζ Y , τ ) is alsoL-intuitionistic fuzzy measurable. 
Theorem 4.5. Let (ζ X , σ ) and (ζ Y , τ ) beL-intuitionistic fuzzy measurable spaces. If f : (ζ X , σ )→ (ζ Y , τ ) isL-intuitionistic
fuzzy measurable, then f : (X,σ)→ (Y ,τ) is (I, I)-fuzzy measurable.
Proof. ∀A ∈ IX ,τ(A) = µτ (⟨A, 1 − A⟩). Since f : (ζ X , σ ) → (ζ Y , τ ) is intuitionistic I-fuzzy measurable, we have
µτ (⟨A, 1− A⟩) ≤ µσ (f←(⟨A, 1− A⟩)). Thusτ(A) ≤ µσ (f←(⟨A, 1− A⟩)) = µσ (⟨f←(A), 1− f←(A)⟩) = σ(f←(A)).
Hence f : (X,σ)→ (Y ,τ) is (I, I)-fuzzy measurable. 
Theorem 4.6. Let (ζ X , σ ) and (ζ Y , τ ) be L-intuitionistic fuzzy measurable spaces and f : (ζ X , σ ) → (ζ Y , τ ) be L-
intuitionistic fuzzy measurable. Then f : (X, [σ ])→ (Y , [τ ]) is I-fuzzifying measurable.
Proof. ∀A ⊆ X, [τ ](A) = µτ (⟨1A, 1Ac ⟩). Since f : (ζ X , σ ) → (ζ Y , τ ) is intuitionistic I-fuzzy measurable, we have
µτ (⟨1A, 1Ac ⟩) ≤ µσ (f←(⟨1A, 1Ac ⟩)). Thus
[τ ](A) ≤ µσ (f←(⟨1A, 1Ac ⟩)) = µσ (⟨1f←(A), 1f←(A)c ⟩) = [σ ](f←(A)).
Hence f : (X, [σ ])→ (Y , [τ ]) is I-fuzzifying measurable. 
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5. Product of intuitionistic I-fuzzy σ-algebras
In this section, let {Xt}t∈Γ be a family of nonempty sets, {(ζ Xt , σt)}t∈Γ be a family of L-intuitionistic fuzzy measurable
spaces. We denote X =t∈Γ Xt is the product space of {Xt}t∈Γ . Pt : X → Xt are the projections (t ∈ Γ ).
Definition 5.1. If A = {⟨x1, µA(x1), γA(x1)⟩ : x1 ∈ X1} ∈ ζ X1 , B = {⟨x2, µB(x2), γB(x2)⟩ : x2 ∈ X2} ∈ ζ X2 , we define A× B as
follows:
A× B = {⟨(x1, x2), µA(x1) ∧ µB(x2), γA(x1) ∨ γB(x2)⟩ : (x1, x2) ∈ X1 × X2}.
So we call A× B is the product of intuitionistic fuzzy sets by A and B.
Lemma 5.2. If A ∈ ζ X1 , B ∈ ζ X2 , Pt : X1 × X2 → Xt are the projections (t = 1, 2), then
(1) P←1 (A) = A× ⟨1X2 , 0X2⟩;
(2) P←2 (B) = ⟨1X1 , 0X1⟩ × B.
Proof. (1) Let A = {⟨x1, µA(x1), γA(x1)⟩ : x1 ∈ X1} ∈ ζ X1 , so
P←1 (A) = {⟨(x1, x2), P←1 (µA)(x1, x2), P←1 (γA)(x1, x2)⟩ : (x1, x2) ∈ X1 × X2}= {⟨(x1, x2), µA(P1(x1, x2)), γA(P1(x1, x2))⟩ : (x1, x2) ∈ X1 × X2}
= {⟨(x1, x2), µA(x1), γA(x1)⟩ : (x1, x2) ∈ X1 × X2},
A× < 1X2 , 0X2 ≥ {⟨(x1, x2), µA(x1) ∧ 1(x2), γA(x1) ∨ 0(x2)⟩ : (x1, x2) ∈ X1 × X2}= {⟨(x1, x2), µA(x1), γA(x1)⟩ : (x1, x2) ∈ X1 × X2}.
Hence P←1 (A) = A× ⟨1X2 , 0X2⟩.
The proof of (2) is similar to (1); we omit it here. 
Definition 5.3. Let {(ζ Xt , σt)}t∈Γ be a family of L-intuitionistic fuzzy measurable spaces. Then the product σ -algebra of
L-intuitionistic fuzzy σ -algebras {σt}t∈Γ , which we denote byt∈Γ σt , is defined by ∀A ∈ ζ X ,
t∈Γ
σt(A) =

t∈Γ

P←t (Bt )=A
σt(Bt).
Theorem 5.4. Let {(ζ Xt , σt)}t∈Γ be a family of L-intuitionistic fuzzy measurable spaces. Thent∈Γ σt is an L-intuitionistic
fuzzy σ -algebra on X. So we say that (ζ X ,

t∈Γ σt) is the product space of a family of L-intuitionistic fuzzy measurable spaces
{(ζ Xt , σt)}t∈Γ .
Proof. (1) Since

t∈Γ σt(⟨1, 0⟩) =

t∈Γ

P←t (Bt )=⟨1,0⟩ σt(B
t) ≥t∈Γ σt(⟨1, 0⟩) = 1∼, we havet∈Γ σt(⟨1, 0⟩) = 1∼.
(2)
∀A ∈ ζ X ,

t∈Γ
σt(A) =

t∈Γ

P←t (Bt )=A
σt(Bt)
=

t∈Γ

P←t (Bt )=A
σt(Bt)
=

t∈Γ
σt(A).
(3) ∀An ∈ ζ X , n ∈ N,
t∈Γ
σt

n∈N
An

=

t∈Γ

P←t (Bt )=

n∈N
An
σt(Bt)
≥

t∈Γ

n∈N

P←t (Btn)=An
σt(Btn)
=

n∈N

t∈Γ
σt(An).
Hence

t∈Γ σt is anL-intuitionistic fuzzy σ -algebra on X . 
1858 S.-q. Jiang, C.-h. Yan / Computers and Mathematics with Applications 64 (2012) 1849–1865
Theorem 5.5. Let (ζ X1 , σ1), (ζ X2 , σ2) and (ζ Y , τ ) be L-intuitionistic fuzzy measurable spaces, xi ∈ Xi (i = 1, 2). If f :
(ζ X1×X2 , σ1 × σ2) → (ζ Y , τ ) is L- intuitionistic fuzzy measurable, the mappings f x2 : X1 → Y , fx1 : X2 → Y are defined as
follows:
∀x ∈ X1, f x2(x) = f (x, x2),
∀x ∈ X2, fx1(x) = f (x1, x).
Then
(1) f x2 : (ζ X1 , σ1)→ (ζ Y , τ ) isL-intuitionistic fuzzy measurable;
(2) fx1 : (ζ X2 , σ2)→ (ζ Y , τ ) isL-intuitionistic fuzzy measurable.
Proof. (1) ∀A = {⟨x, µA(x), γA(x)⟩ : x ∈ X1} ∈ ζ X1 ,
(f x2)←(τ )(A) =

{τ(B) : (f x2)←(B) = A, B ∈ ζ Y }.
We first prove that (f x2)←(B) = A ⇔ f←(B) = A× ⟨1X2 , 0X2⟩.
In fact, for any B = {⟨y, µB(y), γB(y)⟩ : y ∈ Y } ∈ ζ Y , then
f←(B) = {⟨(x, x2), f←(µB)(x, x2), f←(γB)(x, x2)⟩ : (x, x2) ∈ X1 × X2}
= {⟨(x, x2), µB(f (x, x2)), γB(f (x, x2))⟩ : (x, x2) ∈ X1 × X2}.
Notice (f x2)←(B) = A, and
(f x2)←(B) = {⟨x, (f x2)←(µB)(x), (f x2)←(γB)(x)⟩ : x ∈ X1}
= {⟨x, µB(f x2(x)), γB(f x2(x))⟩ : x ∈ X1}
= {⟨x, µB(f (x, x2)), γB(f (x, x2))⟩ : x ∈ X1}.
Thus µB(f (x, x2)) = µA(x), γB(f (x, x2)) = γA(x). So we have
f←(B) = {⟨(x, x2), µA(x), γA(x)⟩ : (x, x2) ∈ X1 × X2}.
And
A× ⟨1X2 , 0X2⟩ = {⟨(x, x2), µA(x) ∧ 1(x2), γA(x) ∨ 0(x2)⟩ : (x, x2) ∈ X1 × X2}
= {⟨(x, x2), µA(x), γA(x)⟩ : (x, x2) ∈ X1 × X2}.
Hence f←(B) = A× ⟨1X2 , 0X2⟩.
On the other hand, for each B = {⟨y, µB(y), γB(y)⟩ : y ∈ Y } ∈ ζ Y , then
(f x2)←(B) = {⟨x, (f x2)←(µB)(x), (f x2)←(γB)(x)⟩ : x ∈ X1}
= {⟨x, µB(f (x, x2)), γB(f (x, x2))⟩ : x ∈ X1}.
Notice f←(B) = A× ⟨1X2 , 0X2⟩, and
f←(B) = {⟨(x, x2), µB(f (x, x2)), γB(f (x, x2))⟩ : (x, x2) ∈ X1 × X2}.
Thus µB(f (x, x2)) = µA(x), γB(f (x, x2)) = γA(x). So we have
(f x2)←(B) = {⟨x, µA(x), γA(x)⟩ : x ∈ X1} = A.
From this fact, we can have that
(f x2)←(τ )(A) =

{τ(B) : f←(B) = A× ⟨1X2 , 0X2⟩, B ∈ ζ Y }
= f←(τ )(A× ⟨1X2 , 0X2⟩).
Since f : (ζ X1×X2 , σ1 × σ2)→ (ζ Y , τ ) isL-intuitionistic fuzzy measurable, we have
f←(τ )(A× 1∼) ≤ (σ1 × σ2)(A× 1∼).
Notice
(σ1 × σ2)(A× ⟨1X2 , 0X2⟩) =
 
P←1 (B1)=A×⟨1X2 ,0X2 ⟩
σ1(B1)
 ∧
 
P←2 (B2)=A×⟨1X2 ,0X2 ⟩
σ2(B2)
 ,
from Lemma 5.2 and P1 is a projection, we have

P←1 (B1)=A×⟨1X2 ,0X2 ⟩
σ1(B1) = σ1(A), so
(σ1 × σ2)(A× ⟨1X2 , 0X2⟩) ≤ σ1(A).
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Hence
(f x2)←(τ )(A) ≤ σ1(A).
This implies that f x2 : (ζ X1 , σ1)→ (ζ Y , τ ) isL-intuitionistic fuzzy measurable.
The proof of (2) is similar to (1). 
Theorem 5.6. Let (ζ X , σ ), (ζ Y1 , τ1), (ζ Y2 , τ2) be L-intuitionistic fuzzy measurable spaces, Pi : Y1 × Y2 → Yi are projections
(i = 1, 2), f : X → Y1× Y2 is a mapping. Then f : (ζ X , σ )→ (ζ Y1×Y2 , τ1× τ2) isL-intuitionistic fuzzy measurable if and only
if Pi ◦ f : (ζ X , σ )→ (ζ Yi , τi) isL- intuitionistic fuzzy measurable (i = 1, 2).
Proof. Necessity. It is straightforward from Theorem 4.3.
Sufficiency.We should first prove that f←(τ1 × τ2) ≤ (P1 ◦ f )←(τ1)(P2 ◦ f )←(τ2).
In fact, ∀A ∈ ζ X ,
f←(τ1 × τ2)(A) =

f←(B)=A
B∈ζ Y1×Y2
(τ1 × τ2)(B) =

f←(B)=A
B∈ζ Y1×Y2
 
P←1 (U)=B
U∈ζ Y1
τ1(U)
 
P←2 (V )=B
V∈ζ Y2
τ2(V )

≤
 
f←(B)=A
B∈ζ Y1×Y2

P←1 (U)=B
U∈ζ Y1
τ1(U)

 
f←(B)=A
B∈ζ Y1×Y2

P←2 (V )=B
V∈ζ Y2
τ2(V )

=
 
f←(P←1 (U))=A
U∈ζ Y1
τ1(U)

 
f←(P←2 (V ))=A
V∈ζ Y2
τ2(V )

=
 
(P1◦f )←(U)=A
U∈ζ Y1
τ1(U)

 
(P2◦f )←(V )=A
V∈ζ Y2
τ2(V )

= (P1 ◦ f )←(τ1)(A)

(P2 ◦ f )←(τ2)(A).
So f←(τ1 × τ2) ≤ (P1 ◦ f (τ1))←(P2 ◦ f (τ2))← is proved.
Since Pi ◦ f : (ζ X , σ )→ (ζ Yi , τi) isL-intuitionistic fuzzy measurable (i = 1, 2), we have ∀A ∈ ζ X ,
(Pi ◦ f )←(τi)(A) ≤ σ(A), i = 1, 2.
Thus
f←(τ1 × τ2)(A) = (P1 ◦ f )←(τ1)(A)

(P2 ◦ f )←(τ2)(A) ≤ σ(A).
Hence f : (ζ X , σ )→ (ζ Y1×Y2 , τ1 × τ2) isL-intuitionistic fuzzy measurable. 
Theorem 5.7. Let (ζ X1 , σ1), (ζ X2 , σ2), (ζ Y , τ ) be L-intuitionistic fuzzy measurable spaces, Pi : X1 × X2 → Xi be projections
and fi : Xi → Y a mapping (i = 1, 2). Then fi : (ζ Xi , σi)→ (ζ Y , τ ) isL-intuitionistic fuzzy measurable (i = 1, 2) if and only if
fi ◦ Pi : (ζ X1×X2 , σ1 × σ2)→ (ζ Y , τ ) isL-intuitionistic fuzzy measurable (i = 1, 2).
Proof. Necessity. It is straightforward from Theorem 4.3.
Sufficiency. If i = 1, since f1◦P1 : (ζ X1×X2 , σ1×σ2)→ (ζ Y , τ ) isL-intuitionistic fuzzymeasurable, and fromTheorem5.5,
we can have that for x2 ∈ X2, (f1 ◦ P1)x2 : (ζ X1 , σ1)→ (ζ Y , τ ) is alsoL-intuitionistic fuzzy measurable, so ∀B ∈ ζ Y ,
σ1(((f1 ◦ P1)x2)←(B)) ≥ τ(B).
Notice
((f1 ◦ P1)x2)←(B) = {⟨x, ((f1 ◦ P1)x2)←(µB)(x), ((f1 ◦ P1)x2)←(γB)(x)⟩ : x ∈ X1}
= {⟨x, µB((f1 ◦ P1)x2(x)), γB((f1 ◦ P1)x2(x))⟩ : x ∈ X1}
= {⟨x, µB((f1 ◦ P1)(x, x2)), γB((f1 ◦ P1)(x, x2))⟩ : x ∈ X1}
= {⟨x, µB(f1(x)), γB(f1(x))⟩ : x ∈ X1}
= f←1 (B).
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So σ1(f←1 (B)) ≥ τ(B); hence f1 : (ζ X1 , σ1)→ (ζ Y , τ ) isL-intuitionistic fuzzy measurable.
For i = 2, it can be similarly proved. 
6. The generatedL-intuitionistic fuzzy σ-algebras
In this section, B will be used to denote the σ -algebra of Borel subsets of I = [0, 1]. In [9], let (X, σ ) be an I-fuzzifying
measurable space, define a mapping ζ (σ ) : IX → I by ∀A ∈ IX ,
ζ (σ )(A) =

B∈B
σ(A−1(B)).
Then ζ (σ ) is a stratified (I, I)-fuzzy σ -algebra, which is said to be the (I, I)-fuzzy σ -algebra generated by σ . For each A ∈ ζ X ,
let Iζ (σ )(A) = ⟨µσ (A), γ σ (A)⟩, whereµσ (A) = ζ (σ )(µA) ζ (σ )(1−γA), γ σ (A) = 1−µσ (A). Thenwe have the following
lemma.
Lemma 6.1. Let (X, σ ) be I-fuzzifying measurable space; then Iζ (σ ) is a stratifiedL-intuitionistic fuzzy σ -algebra.
Proof. (1)∗ ∀ ⟨a, b⟩ ∈ L.
Iζ (σ )(⟨a, b⟩) = ⟨µσ (a, b), γ σ (a, b)⟩.
Notice ζ (σ ) is a stratified (I, I)-fuzzy σ -algebra, so
µσ (⟨a, b⟩) = ζ (σ )(a) ∧ ζ (σ )(1− b) = 1,
γ σ (⟨a, b⟩) = 1− µσ (⟨a, b⟩) = 0.
Thus Iζ (σ )(A)(⟨a, b⟩) = 1∼.
(2) ∀ A = ⟨µA, γA⟩ ∈ ζ X .
Iζ (σ )(A) = ⟨µσ (A), γ σ (A)⟩.
Notice ζ (σ ) is an (I, I)-fuzzy σ -algebra, so
ζ (σ )(µA) = ζ (σ )(1− µA), ζ (σ )(γA) = ζ (σ )(1− γA).
Thus
µσ (A) = ζ (σ )(µA)

ζ (σ )(1− γA) = ζ (σ )(1− µA)

ζ (σ )(γA) = µσ (A),
γ σ (A) = 1− µσ (A) = 1− µσ (A) = γ σ (A).
Hence Iζ (σ )(A) = Iζ (σ )(A).
(3) ∀An = ⟨µAn , γAn⟩ ∈ ζ X , n ∈ N.
Iζ (σ )

n∈N
An

=

µσ

n∈N
An

, γ σ

n∈N
An

.
Notice ζ (σ ) is an (I, I)-fuzzy σ -algebra, so
µσ

n∈N
An

= ζ (σ )

n∈N
µAn

ζ (σ )

1−

n∈N
γAn

≥

n∈N
ζ (σ )(µAn)

ζ (σ )(1− γAn)
=

n∈N
µσ (An)γ σ

n∈N
An

= 1− µσ

n∈N
An

≤ 1−

n∈N
µσ (An) =

n∈N
γ σ (An).
Hence
Iζ (σ )

n∈N
An

≥

n∈N
µσ (An),

n∈N
γ σ (An)

=

n∈N
⟨µσ (An), γ σ (An)⟩ =

n∈N
Iζ (σ )(An).
Thus Iζ (σ ) is a stratifiedL-intuitionistic fuzzy σ -algebra. 
Definition 6.2. By Lemma 6.1, we know Iζ (σ ) is an L-intuitionistic fuzzy σ -algebra on X . We say that (ζ X , Iζ (σ )) is the
L-intuitionistic fuzzy measurable space generated by I-fuzzifying measurable space (X, σ ).
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Lemma 6.3. Let (X, σ ) be an I-fuzzifying measurable space. Then
µσ (⟨1A, 1Ac ⟩) = σ(A), ∀A ⊆ X .
Proof. ∀A ⊆ X and ∀B ∈ B, if 1 ∈ B and 0 ∈ B, then 1−1A (B) = X , so σ(1−1A (B)) = σ(X) = 1; if 1 ∈ B and 0 ∉ B, then
1−1A (B) = A, so σ(1−1A (B)) = σ(A); if 1 ∉ B and 0 ∈ B, then 1−1A (B) = Ac , so σ(1−1A (B)) = σ(Ac) = σ(A); if 1 ∉ B and 0 ∉ B,
then 1−1A (B) = ∅, so σ(1−1A (B)) = σ(∅) = 1. Thus
µσ (⟨1A, 1Ac ⟩) = ζ (σ )(1A)

ζ (σ )(1− 1Ac ) = ζ (σ )(1A) =

B∈B
σ(1−1A (B)) = σ(A). 
Theorem 6.4. Let (X, σ ), (Y , τ ) be I-fuzzifying measurable spaces. Then f : (X, σ )→ (Y , τ ) is I-fuzzifying measurable if and
only if f : (ζ X , Iζ (σ ))→ (ζ Y , Iζ (τ )) isL-intuitionistic fuzzy measurable.
Proof. Necessity. ∀A ∈ ζ Y , Iζ (σ )(f←(A)) = ⟨µσ (f←(A)), γ σ (f←(A))⟩, where
µσ (f←(A)) = ζ (σ )(f←(µA))

ζ (σ )(1− f←(γA))
=

B∈B
σ((f←(µA))−1(B))

B∈B
σ((1− f←(γA))−1(B))
=

B∈B
σ(f←(µ−1A (B)))

B∈B
σ(f←((1− γA)−1(B))).
Since f : (X, σ )→ (Y , τ ) is I-fuzzifying measurable, we have
σ(f←(µ−1A (B))) ≥ τ(µ−1A (B)), σ (f←((1− γA)−1(B))) ≥ τ((1− γA)−1(B)).
Thus
µσ (f←(A)) ≥

B∈B
τ(µ−1A (B))

B∈B
τ((1− γA)−1(B))
= ζ (τ )(µA)

ζ (τ )(1− γA)
= µτ (A); γ σ (f←(A)) = 1− µσ (f←(A)) ≤ 1− µτ (A) = γ τ (A).
Hence Iζ (σ )(f←(A)) ≥ Iζ (τ )(A); this implies that f : (ζ X , Iζ (σ ))→ (ζ Y , Iζ (τ )) isL-intuitionistic fuzzy measurable.
Sufficiency. ∀A ⊆ Y , if σ(f←(A)) = 1, it is straightforward. Otherwise, from Lemma 6.3, we have
σ(f←(A)) = µσ (⟨1f←(A), 1f←(A)c ⟩).
Notice µσ (⟨1f←(A), 1f←(A)c ⟩) = µσ (f←(⟨1A, 1Ac ⟩)), and since f : (ζ X , Iζ (σ )) → (ζ Y , Iζ (τ )) is L-intuitionistic fuzzy
measurable, we have
µσ (f←(⟨1A, 1Ac ⟩)) ≥ µτ (⟨1A, 1Ac ⟩).
Thus
σ(f←(A)) ≥ τ(A).
Hence f : (X, σ )→ (Y , τ ) is I-fuzzifying measurable. 
Remark 6.5. By Theorem 4.3, we can construct the category of L-intuitionistic fuzzy σ -algebras and
L-intuitionistic fuzzy measurable functions, denoted by L − IFσA. Moreover, we also can construct the category of I-
fuzzifying σ -algebras and I-fuzzifying measurable functions, denoted by I − FYσA. From Theorem 6.4, it is easy to know
that Iζ : I − FYσA→ L− IFσA is a functor; we call it a generated functor.
Definition 6.6. Let f : (ζ X , σ )→ (ζ Y , τ ). If ∀B ∈ ζ Y , τ (B) > 0∼ implies the inequality σ(f←(B)) > 0∼, then f is called a
weakL-intuitionistic fuzzy measurable mapping from (ζ X , σ ) to (ζ Y , τ ).
Theorem 6.7. Let (X, σ ), (Y , τ ) be I-fuzzifyingmeasurable spaces. Then f : (ζ X , Iζ (σ ))→ (ζ Y , Iζ (τ )) isweakL-intuitionistic
fuzzy measurable if and only if f : (IX , ζ (σ ))→ (IY , ζ (τ )) is weak (I, I)-fuzzy measurable.
Proof. Necessity. For each B ∈ IY with ζ (τ )(B) > 0. From the fact
Iζ (τ )(⟨B, 1− B⟩) = ⟨µτ (⟨B, 1− B⟩), γ τ (⟨B, 1− B⟩)⟩,
we have µτ (⟨B, 1− B⟩) = ζ (τ )(B) > 0, thus
Iζ (τ )(⟨B, 1− B⟩) > 0∼.
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Since f : (ζ X , Iζ (σ ))→ (ζ Y , Iζ (τ )) is weakL-intuitionistic fuzzy measurable, it follows that
Iζ (σ )(f←(⟨B, 1− B⟩)) > 0∼.
From the definition of Iζ , we have
Iζ (σ )(f←(⟨B, 1− B⟩)) = ⟨µσ (⟨f←(B), 1− f←(B)⟩), γ σ (⟨f←(B), 1− f←(B)⟩)⟩,
then µσ (⟨f←(B), 1− f←(B)⟩) > 0, i.e.
ζ (σ )(f←(B)) > 0.
So f : (IX , ζ (σ ))→ (IY , ζ (τ )) is weak (I, I)-fuzzy measurable.
Sufficiency. For each B ∈ ζ Y with Iζ (τ )(B) > 0∼, we have
µτ (B) = ζ (τ )(µB)

ζ (τ )(1− γB) > 0.
Thus ζ (τ )(µB) > 0, ζ (τ )(1− γB) > 0. Since f : (IX , ζ (σ ))→ (IY , ζ (τ )) is weak (I, I)-fuzzy measurable, we have
ζ (σ )(f←(µB)) > 0, ζ (σ )(f←(1− γB)) = ζ (σ )(1− f←(γB)) > 0.
Hence
µσ (f←(B)) = ζ (σ )(f←(µB))

ζ (σ )(1− f←(γB)) > 0.
Clearly Iζ σ (f←(B)) > 0∼, thus f : (ζ X , Iζ (σ ))→ (ζ Y , Iζ (τ )) is weakL-intuitionistic fuzzy measurable. 
Theorem 6.8. Suppose that f : X → Y , and (X, τ ) is an I-fuzzifying measurable space. Then τ/f = τ ◦ f← is an I-fuzzifying
σ -algebra on Y , and Iζ (τ/f ) = Iζ (τ )/f .
Proof. (IS1) τ/f (X) = τ(f←(X)) = τ(X) = 1;
(IS2) ∀A ⊆ Y , τ/f (A) = τ(f←(A)) = τ(f←(A)c) = τ(f←(Ac)) = τ/f (Ac);
(IS3) ∀An ⊆ Y , n ∈ N,
τ/f

n∈N
An

= τ

f←

n∈N
An

= τ

n∈N
f←(An)

≥

n∈N
τ(f←(An)) =

n∈N
τ/f (An).
Hence τ/f = τ ◦ f← is an I-fuzzifying σ -algebra on Y .
∀A ∈ ζ Y , Iζ (τ/f )(A) = ⟨µτ/f (A), γ τ/f (A)⟩, where
µτ/f (A) = ζ (τ/f )(µA)

ζ (τ/f )(1− γA)
=

B∈B
(τ/f )(µ−1A (B))

B∈B
(τ/f )((1− γA)−1(B))
=

B∈B
τ(f←(µ−1A (B)))

B∈B
τ(f←((1− γA)−1(B)))
=

B∈B
τ((f←(µA))−1(B))

B∈B
τ((f←(1− γA))−1(B))
=

B∈B
τ((f←(µA))−1(B))

B∈B
τ((1− f←(γA))−1(B))
= ζ (τ )(f←(µA))

ζ (τ )(1− f←(γA))
= µτ (f←(A)), γ τ/f (A) = 1− µτ/f (A) = 1− µτ (f←(A)) = γ τ (f←(A)).
Thus
Iζ (τ/f )(A) = ⟨µτ (f←(A)), γ τ (f←(A))⟩ = Iζ (τ )(f←(A)) = Iζ (τ )/f (A).
This completes the proof. 
Theorem 6.9. Suppose that (Y , τ ) is an I-fuzzifying measurable space, f : X → Y is a bijection. Then f←(τ ) is an I-fuzzifying
σ -algebra on X, and f←(Iζ (τ )) = Iζ (f←(τ )).
Proof. Since f←(τ )(A) = { τ(B) | f←(B) = A} and f : X → Y is a bijection, it implies f←(τ )(A) = τ(B) = τ(f←(A)) =
τ ◦ f←(A). That is to say f←(τ ) = τ ◦ f←. First we will prove that f←(τ ) is an I-fuzzifying σ -algebra.
(IS1) f←(τ )(X) = τ(f→(X)) = τ(X) = 1;
(IS2) ∀A ⊆ X, f←(τ )(A) = τ(f→(A)) = τ(f→(A)c) = τ(f→(Ac)) = f←(τ )(Ac);
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(IS3) ∀An ⊆ X, n ∈ N,
f←(τ )

n∈N
An

= τ

f→

n∈N
An

= τ

n∈N
f→(An)

≥

n∈N
τ(f→(An)) =

n∈N
f←(τ )(An).
Hence f←(τ ) = τ ◦ f is an I-fuzzifying σ -algebra on X . In the next we prove the equality f←(Iζ (τ )) = Iζ (f←(τ )).
∀A ∈ ζ X , f←(Iζ (τ ))(A) =

f←(B)=A
B∈ζ Y
Iζ (τ )(B) =

f←(B)=A
B∈ζ Y
⟨µτ (B), γ τ (B)⟩
=
 
f←(B)=A
B∈ζ Y
µτ (B),

f←(B)=A
B∈ζ Y
γ τ (B)

, Iζ (f←(τ ))(A) = ⟨µf←(τ )(A), γ f←(τ )(A)⟩.
Denote

f←(B)=A
B∈ζ Y
µτ (B) = α and µf←(τ )(A) = β; we want to prove α = β . Since
f←(B)=A
B∈ζ Y
µτ (B) =

f←(B)=A
B∈ζ Y
ζ (τ )(µB) ∧ ζ (τ )(1− γB)
=
 
f←(B)=A
B∈ζ Y
ζ (τ )(µB)
 ∧
 
f←(B)=A
B∈ζ Y
ζ (τ )(1− γB)
 ,
µf
←(τ )(A) = ζ (f←(τ ))(µA) ∧ ζ (f←(τ ))(1− γA)
= ζ (τ )(f→(µA)) ∧ ζ (τ )(f→(1− γA))
= ζ (τ )(f→(µA)) ∧ ζ (τ )(1− f→(γA)),
i.e., we should prove
f←(B)=A
B∈ζ Y
ζ (τ )(µB) = ζ (τ )(f→(µA)),

f←(B)=A
B∈ζ Y
ζ (τ )(1− γB) = ζ (τ )(1− f→(γA)).
In fact, let A = {⟨x, µA(x), γA(x)⟩ : x ∈ X}, since f : X → Y is a bijection, so we can have
f←(B)=A,
B∈ζ Y
ζ (τ )(µB) ≥ ζ (τ )(f→(µA)).
On the other hand, for each ε > 0, there exists B = {⟨y, µB(y), γB(y)⟩ : y ∈ Y } ∈ ζ Y , such that f←(B) = A with
ε < ζ(τ)(µB). Notice f←(B) = A and f : X → Y is a bijection, we have µB = f→(µA) and ε < ζ(τ)(f→(µA)). Then
f←(B)=A
B∈ζ Y
ζ (τ )(µB) ≤ ζ (τ )(f→(µA)).
Therefore

f←(B)=A
B∈ζ Y
ζ (τ )(µB) = ζ (τ )(f→(µA)). Similarly,f←(B)=A
B∈ζ Y
ζ (τ )(1− γB) = ζ (τ )(1− f→(γA)) can be proved. Hence
f←(Iζ (τ ))(A) = Iζ (f←(τ ))(A).
So we have α = β . The equalityf←(B)=A
B∈ζ Y
γ τ (B) = γ f←(τ )(A) can be obtained similarly. This completes the proof. 
Theorem 6.10. Let (ζ Y , τ ) be an L-intuitionistic fuzzy measurable space, and f : X → Y is a bijective mapping. Then
f←([τ ]) = [f←(τ )].
Proof.
∀A ⊆ X, f←([τ ])(A) = [τ ](f→(A)) = µτ (⟨1f→(A), 1f→(A)c ⟩)
= µτ (⟨1f→(A), 1f→(Ac )⟩) = µτ (⟨f→(1A), f→(1Ac )⟩),
[f←(τ )](A) = µf←(τ )(⟨1A, 1Ac ⟩),
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and since
f←(τ )(⟨1A, 1Ac ⟩) =

f←(B)=⟨1A,1Ac ⟩
B∈ζ Y
τ(B) =

f←(B)=⟨1A,1Ac ⟩
B∈ζ Y
⟨µτ (B), γτ (B)⟩.
So we have
[f←(τ )](A) =

f←(B)=⟨1A,1Ac ⟩
B∈ζ Y
µτ (B).
Next we should prove
µτ (⟨f→(1A), f→(1Ac )⟩) =

f←(B)=⟨1A,1Ac ⟩
B∈ζ Y
µτ (B).
In fact, since f is a bijection, so we have
µτ (⟨f→(1A), f→(1Ac )⟩) ≤

f←(B)=⟨1A,1Ac ⟩
B∈ζ Y
µτ (B).
On the other hand, for each ε > 0, there exists B = {⟨y, µB(y), γB(y)⟩ : y ∈ Y } ∈ ζ Y , such that f←(B) = ⟨1A, 1Ac ⟩ with
ε < µτ (B). Notice that f is a bijection, B = f→(⟨1A, 1Ac ⟩) = ⟨f→(1A), 1 − f→(1 − 1Ac )⟩, where 1 − f→(1 − 1Ac ) =
1− f→(1A) = f→(1− 1A) = f→(1Ac ), i.e. B = ⟨f→(1A), f→(1Ac )⟩, then ε < µτ (⟨f→(1A), f→(1Ac )⟩). Hence
µτ (⟨f→(1A), f→(1Ac )⟩) ≥

f←(B)=⟨1A,1Ac ⟩
B∈ζ Y
µτ (B).
So µτ (⟨f→(1A), f→(1Ac )⟩) =f←(B)=⟨1A,1Ac ⟩
B∈ζ Y
µτ (B). That is to say f←([τ ])(A) = [f←(τ )](A), this completes the proof. 
Theorem 6.11. Suppose that σ is anL-intuitionistic fuzzy σ -algebra on X, f : X → Y is a mapping. Then σ/f = σ ◦ f← is an
L-intuitionistic fuzzy σ -algebra on Y , and [σ/f ] = [σ ]/f .
Proof. By Theorem 3.9, it suffices to prove that [σ/f ] = [σ ]/f .
∀A ⊆ X, [σ/f ](A) = µσ/f (⟨1A, 1Ac ⟩) = µσ◦f←(⟨1A, 1Ac ⟩) = µσ (⟨f←(1A), f←(1Ac )⟩)
= µσ (⟨1f←(A), 1f←(A)c ⟩) = [σ ](f←(A)) = [σ ]/f (A).
Hence [σ/f ] = [σ ]/f . 
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